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ABSTRACT 

Background: One way to deal with the complexity inherent in teaching is to 

advance in understanding the relationships between the different types of knowledge 

used in teaching practice. Objective: To characterise specialised teaching knowledge 

and its connections established in a formative context of elaborating an answer to 

students on why to invert-and-multiply to divide fractions. Design: Qualitative 

analytical-descriptive study, associating the mathematics teachers’ specialised 

knowledge (MTSK) and a teacher education course anchored in a teaching practice 

situation. Setting and participants: A teacher education workshop for in-service and 

preservice mathematics teachers, from which we carried out an in-depth analysis of the 

data collected from two participants (a preservice teacher and a teacher). Data 

collection and analysis: We obtained data during the workshop and an interview with 

the subjects and used content analysis, the MTSK analysis instrument, the MTSK 

cluster and the MTSK network diagram enabled to describe the connections between 

types of knowledge. Results: The activated network contains knowledge from all 

MTSK subdomains, exercising different levels of importance and roles (from the action 

itself to its support). The route of construction of the answer started from a 

mathematical layer towards didactic elements, reflecting the level of development 

(including gaps) of the subjects on justifications of algorithms and didactic aspects. 

Conclusion: A seemingly simple teaching action (answering a student question) 

mobilised all the MTSK subdomains and activated an intricate procurement network, 

requiring specialised, reasoned, and intentional teaching preparation. 

Keywords: MTSK; specialised knowledge network; mathematics education; 

why mathematics; division of fractions.  
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Rede de Conhecimentos Especializados Ativados em Formação Docente para 

Responder a um Porquê Matemático sobre Divisão de Frações 

 

RESUMO 

Contexto: Uma das formas de tentar dar conta da complexidade inerente à 

docência é avançar na compreensão das relações entre os diversos tipos conhecimentos 

utilizados em situações de prática docente. Objetivo: Caracterizar conhecimentos 

docentes especializados e suas conexões estabelecidas num contexto formativo de 

elaboração de uma resposta para estudantes sobre o porquê inverter-e-multiplicar para 

dividir frações. Design: Estudo qualitativo analítico-descritivo, associando o 

mathematics teachers’ specialised knowledge (MTSK) e uma formação ancorada em 

situação de prática docente. Ambiente e Participantes: Uma oficina formativa para 

professores de ensino básico e licenciandos em matemática, na qual aprofundamos uma 

análise dos dados coletados de dois participantes (um licenciando e uma professora). 

Coleta e análise de dados: Obtivemos dados durante a oficina e a entrevista com os 

sujeitos e utilizamos na análise de conteúdo, o instrumento de análise iMTSK, o MTSK 

Cluster e a Rede de MTSK ativado para descrever as conexões entre conhecimentos. 

Resultados: A rede ativada contém conhecimentos de todos os subdomínios MTSK, 

exercendo diferentes níveis de protagonismo e papéis (desde a ação em si até seu 

apoio/sustentação). A rota de construção da resposta partiu de uma camada matemática 

em direção a elementos didáticos, refletindo o nível de desenvolvimento (incluindo 

lacunas) dos sujeitos sobre justificativas de algoritmos e aspectos didáticos. 

Conclusão: Uma ação docente aparentemente simples (responder uma dúvida discente 

na escola) mobilizou todos os subdomínios MTSK e ativou uma intrincada rede de 

conexões, indicando a necessidade de preparação docente ser especializada, 

fundamentada e intencional. 

Palavras-chave: MTSK; rede de conhecimentos especializados; formação 

docente; porquês matemáticos; divisão de frações. 

 

INTRODUCTION 

This article is part of a broad study that investigates the set of teachers’ 

specialised knowledge that is needed to teach and make learn some 

mathematics contents, i.e., how to build it in initial or continuing teacher 

education based on scientific advances. In the excerpt presented here, we 

highlight the division of fractions content, considering that among operations 

with fractions, the division has been considered the most mechanical task and 

the one the teachers and students understand the least (Lopes, 2008; Newton, 

2008; Özel, 2013). 

Previous studies indicate that teachers and undergraduates have 

performed better in proposing didactic solutions to problems arising from 
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practice and expand their procedural and conceptual knowledge about the 

division of fractions when involved in group (including short-term) formative 

contexts (Tirosh, 2000; Green et al., 2008), based on research, including 

materials, problems, and representations (Sharon & Swarthout, 2014). One of 

those problems inherent to practice is to give answers to different students’ 

questions (Nicol, 1998; Doerr, 2006; Leikin et al., 2017), including “the 

mathematical whys1,” as the focus of this article is: Why invert-and multiply to 

divide fractions? In these situations, the teacher should not only know the 

mathematical justification itself but also know how to teach it respecting the 

student's level (Peterson, 1972; Lorenzato, 1993; Nobre, 1996; Moriel Junior 

& Wielewski, 2013; Leikin et al., 2017). However, there are indications that 

there are usually gaps in knowledge and teacher education (Lorenzato, 1993; 

Fiorentini, 2005; Santos, 2005; Angelo et al., 2009), and often the teachers have 

the same difficulties as the students (Bayoud, 2011; Özel, 2013; Slattery & 

Fitzmaurice, 2014). 

Literature mappings indicate that teaching knowledge related to the 

division of fractions has been characterised from various theoretical 

frameworks and in various situations, such as during class planning or 

undergraduate courses (Petit et al., 2010; Fávero & Pina Neves, 2012; Moriel 

Junior et al., 2019). One way to try to cope with the complexity inherent in 

teaching is to advance the understanding of the connections between the various 

types of content and didactic knowledge (Aguilar, 2016; Moriel Junior & 

Moral, 2017; Zakaryan & Ribeiro, 2017). Therefore, in this article, the 

objective is to characterise specialised teaching knowledge and its connections 

established in a formative context of elaborating an answer to students on why 

they should invert-and-multiply to divide fractions.  

To this aim, we conducted qualitative research and the theoretical 

framework of the mathematics teachers’ specialised knowledge – MTSK to 

analyse the knowledge of a preservice teacher and a mathematics teacher in a 

teacher education workshop. In the next section, we present this theoretical 

framework. 

 

                                    
1  Understood here as the questions (in the form of whys) and respective answers 

(because) that teachers need to know to justify mathematical procedures and their 

results (Lorenzato, 1993; Moriel Junior & Wielewski, 2013).  
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THEORETICAL FRAMEWORK 

MTSK is a theoretical model that describes the specific and specialised 

professional knowledge that a teacher has (or must have) to teach mathematics 

(Carrillo et al., 2014; Carrillo-Yañez et al., 2018). Considering the main 

characterisations, typologies, and models done by researchers in the area and 

advancing regarding the limits detected in them (Escudero et al., 2012; Montes 

et al., 2013; Kilpatrick & Spangler, 2015; Scheiner et al., 2017), this model was 

constituted of two domains: Mathematical knowledge and Pedagogical content 

knowledge. Each of them is divided into three subdomains, presented in Figure 

1 with the original acronyms of the English Language, proposed in Carrillo et 

al. (2014). At the centre of the model are the beliefs about mathematics, its 

teaching and learning, which permeate the subdomains.  

Figure 1 

MTSK domains and subdomains (Carrillo-Yañez et al., 2018, p. 6) 

 
 

The first subdomain of mathematical knowledge is the knowledge of 

topics (KoT). It encompasses contents to teach, their deep conceptual 

foundation (Ma, 1999), and their different aspects, such as definitions, 
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interpretations, and properties of concepts, one or more demonstrations of a 

topic, justifications of algorithmic procedures, examples and counterexamples, 

realistic models, application situations, and extramathematical uses. It includes 

knowing the different algorithms and alternative procedures to divide fractions 

and their justifications (Moriel Junior et al., 2019), the concepts of relationship 

and first degree function separately, as well as knowing that the definition of 

the latter is determined by the former, which is configured as an intra-

conceptual connection (Vasco et al., 2017).  

In the knowledge of the structure of mathematics (KSM) are the 

interconceptual connections between - prior and future - advanced and 

elementary topics of different mathematical areas, except those of foundation 

provided for in KoT, which allow recognising structures of mathematics, as 

well as seeing it as a system of integrated elements (Carrillo et al., 2018). The 

connections between two concepts can promote increased complexity, 

simplification of one with another, use of one in the solution of another, or have 

cross-sectional aspects in common (Vasco et al., 2017). An example of this type 

of connection is knowing that the concept of limit of functions can be used to 

justify the indetermination of division 0/0 (Lima, 1982).  

Knowledge of practices in mathematics (KPM) includes the ways to 

define and demonstrate in mathematics. These are the processes of creating or 

producing in the area (syntactic knowledge), aspects of mathematical 

communication, reasoning and proof, elements that structure a demonstration, 

ways of selecting representations, arguing, generalising, and exploring patterns 

and regularities. The teacher can use this knowledge, for example, to deal with 

the solutions created by students (Cano & Flores, 2019) when they are involved 

in activities of seeking standards and regularities to solve problems and 

elaborate mathematical constructs, definitions, or proofs. 

Among the subdomains of the pedagogical content knowledge, there is 

the knowledge of mathematics teaching (KMT). It concerns materials, 

resources, ways of presenting a content and its characteristics (limitations and 

potential existing in themselves) that allow the teacher to opt for a strategy to 

teach some content (including organising a series of examples or creating 

analogies and metaphors). For example, knowing the strategy of teaching 

fractions using a (circular or rectangular) geometric figure or a model (such as 

pizzas or chocolates) and knowing that this is (more) suitable to develop the 

part-whole interpretation (Moreira & Ferreira, 2008). It includes formal or 

personal knowledge of theoretical elements about mathematics teaching, types 

of instructional explanations (Charalambous et al., 2011), or problem-solving 
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or modelling-based approaches (Krulik & Reys, 1998; Biembengut & Hein, 

2007).  

The knowledge of features of learning mathematics (KFLM) includes 

how students learn mathematical contents (formal or personal models and 

theories), the characteristics of this process of understanding, common errors 

and their likely sources, difficulties, obstacles, and the language usually used 

by learners when dealing with each concept. Examples are the APOS theory, 

Van Hiele’s theory of geometric thinking, Dienes’ six-stage theory of learning 

mathematics, students’ common errors when dealing with fractions (Ashlock, 

2006; Bayoud, 2011) or even students' interests and expectations (Kaur, 2008).  

The knowledge of mathematics learning standards (KMLS) refers to 

curricular specifications involving what is foreseen at each school stage in 

terms of content and skills (conceptual, procedural, attitudinal and 

mathematical reasoning at the various educational moments), minimum 

standards and forms of evaluation that enable progression from one grade to 

another, objectives and performance scale in a country (Lacerda et al., 2020). 

The construction of specialised knowledge comes both from scientific 

sources – such as content and didactic books, journals and scientific articles, 

meta-analyses, legislation, policies, curricula, among others (Courant & 

Robbins, 1996; Petit et al., 2010; Becker, 2019; Moriel Junior et al., 2019; Silva 

& Fonseca, 2019; Valente et al., 2020) -, and from professional sources from 

school culture, derived, for example, from experience and dialogue with other 

teachers.  

The MTSK subdomains, as explained in this section, are efficient in 

describing the specialised knowledge of a mathematics teacher, even if 

compared to other typologies. Also, the clarity in the definition of its elements 

and the unambiguity between them make us use them as categories in our data 

analysis. Therefore, the theoretical perspective of the MTSK is also adopted as 

a methodological tool, as detailed below. 

 

METHODOLOGY 

The study adopts a qualitative approach, with an analytical-

interpretative approach (Bogdan & Biklen, 1991) on the mobilisation of 

specialised teaching knowledge, with the following phases:  

 Data collection during a teacher education workshop;  

 Analysis of evidence and identification of evidence of knowledge;  
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 Data collection through individual interviews on the evidence;  

 Knowledge analysis exploring the conversion (or not) of evidence 

into evidence.  

Evidence of knowledge is the verbal, written or attitudinal elements 

manifested by the subject that suggests to the researcher that some knowledge 

may have been mobilised, but without providing sufficient and explicit 

information to ensure it.  

The complete research path, including the exploration of evidence, 

gave rise to opportunities to inquire whether the subject has that knowledge or 

not and could provide a significant gain in the breadth, depth, and reliability of 

the results.  

The context of this research is one of the grounded teacher education 

workshops (Kilpatrick et al., 2001; Barbosa, 2011; Olanoff, 2011; Moriel Junior 

& Wielewski, 2013) conducted by the author for in-service and preservice 

mathematics teachers participating in the “Observatório da 

Educação/Observatory of Education” Project (OBEDUC  UFMT, Cuiabá 

funded by CAPES-INEP-SECADI) on the following practice situation: What 

would you answer to a student who asked you about why to invert-and-multiply 

to divide fractions? Among the participants of the workshops, four were 

selected as subjects of the broader research (Moriel Junior, 2014). This article 

discusses some data from that research that includes two subjects, one 

preservice teacher and one teacher2 . The preservice teacher was in the final 

stage of the course and had two and a half years of teaching experience in 

schools as a substitute teacher, having worked with the content of fractions and 

operations with fractions at elementary and high school levels. The teacher has 

a degree in mathematics, with more than ten years of experience in basic 

education and a latu sensu postgraduate degree in the area. 

Regarding data collection, the instruments used during the Workshop 

(Phase 1) were participant observation, audiovisual recording, and photos of 

the registers the subjects wrote on the blackboard. Subsequently, in Phase 3, we 

                                    
2 Participants of this research signed an Informed Consent Form (ICF) and the project 

collected data before setting up an ethics committee in the institution in compliance 

with CNS Resolution No. 466/2012. The author assumes and exempts the journal Acta 

Scientiae from any consequences arising, including full assistance and possible 

compensation for damages resulting from any of the research participants, in 

accordance with Resolution No. 510, of April 7, 2016, of the National Health Council 

of Brazil. 
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used audio recordings and photos of the subjects’ manuscripts during semi-

structured interviews, in which specific questions were asked to explore the 

evidence detected in the previous phase (Phase 2 - analysis of evidence). We 

adopted the steps and procedures of reflective interview (Szymanski, Almeida, 

& Pradini, 2011), including supplementary questions (for clarification, focused 

or in-depth), such as: What does this mean for you?; Here you mentioned 

that…; Talk more about...; Why do you think that... (Isiksal & Cakiroglu, 2011). 

In the data analysis, we used the technique of content analysis 

(Krippendorff, 1990) of the transcripts of the workshop and the interview to 

obtain the units of information (excerpts from the subjects’ manifestations), and 

we systematically compared them with the definitions of the subdomains of the 

MTSK model. According to MTSK categories with the MTSK - iMTSK 

analysis instrument (Table 1), we classified the units and analytically explored 

the knowledge and described the relationships between them.  

Table 1 

MTSK analysis instrument - iMTSK 

Data  Researcher analysis 

Manifestation of the 

subject 

 The subject 

manifested 

knowledge... 

associated 

with... 
consisting of... 

Excerpt from the 

episode 

(Source, line or page) 

 

[subdomain] [category] 
[synthesis of 

knowledge]a 

 

[Example] The 

problem solving class 

ends when I 

systematise the 

concept of 

Fundamental 

Counting Principle 

from students' 

solutions on matching 

pants and shirts. 

(Teacher, 3-5) 

  

of 

mathematics 

teaching 

(KMT) 

 

Teaching 

theories 

 

one of the steps of the 

'problem solving’ 

methodology to teach 

the ‘Fundamental 

Counting Principle’: 

systematisation of the 

concept ‘from students' 

solutions on [the 

problem of] matching 

pants and shirts’ 

Note: a. It starts with a definite or indefinite article or a numeral (indicating the amount 

of knowledge), followed by the central element of the knowledge identified (which is 

not an action), validating it with data citation. Each excerpt may contain one or more 

types of knowledge from one or more subdomains and categories, indicating their 

connections. 
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In this article, we selected an episode extracted from the Workshop (on 

how to answer to the reason for the division of fractions) from which we sought 

evidence of knowledge (Moriel Junior & Carrillo, 2014). An episode 

corresponds to a fragment with a recognisable beginning and end, with a 

sequence of actions that configures it and has a complete sense in itself (Carrillo 

et al., 2013). The interview data were useful to understand whether and how the 

signs became evidence.  

The type of knowledge was coded with the letter ‘c,’ the numbering and 

the subdomain MTSK to which they belong, for example: (c1, KSM) and (c6, 

KMT) merely illustrative.  

To describe the connections between each type of knowledge, we 

adopted the MTSK cluster and the activated MTSK network diagram, developed 

exclusively for this work. The first is based on conceptual maps and the 

knowledge is represented in a hexagonal format, arranged side by side, with a 

brief description of the evidence, indicating the direction in which it was 

connected, as well as the level of importance of its use (on a scale ranging from 

action to support in action). The second is inspired by the idea of neural 

networks to represent the connections between the two subjects analysed 

considering the MTSK subdomains mobilised. Both allow an integrated view 

of what and how a teaching group mobilised specialised knowledge. 

 

RESULTS AND DISCUSSION 

We present the results below, starting with the analysis of evidence and 

signs of knowledge and then the analysis of connections between the type of 

knowledge mobilised together during the teacher education activity. 

During the Workshop, the preservice teacher (PST) went to the 

blackboard to present the way he had just thought about how to justify to a 6th-

grade elementary school student the reason for inverting-and-multiplying in the 

division of fractions, as shown in Figure 2. 
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Figure 2 

The first part of the episode of justification of invert-and-multiply to divide 

fractions 

PST It would generate another question, another why, but... Let's see, a 

fraction [
3

5
] divided by another fraction [

1

3
] is equal to x. In this 

division [image], this number of the denominator [
3

5
] that is 

dividing will pass [to the other side] multiplying. Then, it will 

generate the question: why does it [pass to the other side] 

multiplying? [Writes as he speaks:] Three-fifths equals one-third 

of x. This one is dividing, and it is going to [pass to the other side] 

multiplying. So three is equal to five times one-third of x. So, it is 

going to be: 3 equals five-thirds of x. This one is going to be three 

times three. Nine equals five x. The five passes dividing again. 

And x equals nine over five. It is that method of what is dividing 

goes multiplying, and what is multiplying goes dividing. So this 

one [
1

3
 from the initial division] is dividing, right? So I passed it [to 

the other side] multiplying the x, it was 
1

3
 of x. So, the 5 is dividing, 

so I passed it multiplying, and it became 5 times  
1

3
 of x. That 

became  
5

3
 of x. Then, I need to isolate the x. So the 3 comes back 

here, it is going to be 9 equals 5x. The 5 is multiplying, it goes 

dividing. It is going to be x equals 9 over 5. 

Teacher Actually, the bottom 5 ended up multiplying the top 1. And the top 

3 multiplies the bottom 3.  

PST That is the process of cross-multiplication [referring to 
3

5
÷

1

3
=

3∙3

5∙1
]. 

Researcher And then, could you explain the invert-and-multiply algorithm? 

PST Yes. And it generated another question, but... 

 

The first knowledge that stands out is that of a representation 

(symbolic) for the division of fractions:  

3

5
1

3

 as division indicated between two 

fractions, i.e., with a greater trait between dividend and divider (c1, KoT). It 

was used to create an equation by which the result of the division would be 

obtained: ‘a fraction divided by another fraction is equal to x’ (4th sentence of 

the episode). Thus, the student showed to know an interconceptual connection 
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(c2, KSM), in which one mathematical topic (equation) assists in obtaining the 

result of another (division of fractions). Such knowledge was the starting point 

of the argument that allowed the group to justify the invert-and-multiply 

algorithm and the mnemonic rules to divide the fractions: cross-multiplication 

and the sandwich - or squeeze- rule ([
3

5
1

3

] =
9

5
). Therefore, we have that he knows 

a justification of procedures to divide fractions, which is based on solving an 

equation (c3, KoT) using the mnemonic rule 'pass it to the other side’ (c4, KoT).  

Considering that such justification had just been thought by the subject, 

what is in the episode is the construction of a mathematical argument in which 

underlies the knowledge of a pre-formal numerical proof scheme (c5, KPM), 

although the subject cannot call it this way. It is also the instructional approach 

adopted by him to deal with the practice situation (on how to answer to a student 

who asked him why he should invert-and-multiply to divide fractions). We thus 

identify a knowledge of mathematics teaching (c6, KMT) that consists of an 

instructional explanation (Charalambous et al., 2011) based on the argument 

that the result of the division 
3

5
÷

1

3
, represented by 

3

5
1

3

, corresponds to an x value 

that satisfies  
3

5
= 𝑥 ∙

1

3
  and implies  𝑥 =

3∙3

5∙1
  through the application of 

mnemonic rules (pass multiplying or dividing). Although he ponders that such 

rules may generate doubt in the student (why do we pass it there?), he concludes 

the systematisation of cross-multiplication to divide fractions (
3

5
÷

1

3
=

3×3

5×1
=

9

5
).  

To deepen the understanding of this instructional explanation, we 

explored in the interview some signs of associated knowledge, because we saw 

that in the first and last speech of the episode, the undergraduate expresses 

concern about the fact that his approach may generate doubt about a mnemonic 

rule: why to ‘pass [to the other side]’? This means the knowledge of a 

characteristic of said instructional approach (c7, KMT). He seems to foresee a 

didactic consequence, something that could be associated with knowledge of 

learning difficulties (KFLM). Therefore, we investigated this sign in the 

interview, asking whether he considered the 'pass to the other side’ a generator 

of difficulty, obstacle or barrier for the student to learn. 

The student's answer indicated that this rule itself is not a problem, but 

if the student does not have a deeper understanding (the justification for the 

procedure), he may make the mistake of not using the reverse operation to 
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‘move to the other side’ of the equation (c8, KFLM). He exemplifies this by 

showing the error ‘
3

2
= 𝑥 + 3 ↔ 3 = 𝑥 + 3 − 2’and explaining that the student 

‘thinks the inverse [operation] of the division will be the subtraction.’ For him, 

it is a confusion of students, whose probable source of error is a lack of adequate 

conceptual knowledge that should include understanding ‘what is being done’ 

(i.e., the justification of the rule) and knowing the reverse operations (c9, 

KFLM). He adds that to help the student overcome this error, a teacher ‘must 

reinforce with the details, which are the properties, show what is an inverse, 

which are inverse operations’ (c10, KMT).  

Finally, the student used the episode example  

3

5
1

3

= 𝑥  to show that 

‘instead of you doing [the multiplication by  
1

3
 on both sides], 

1

3
∙

3

5
1

3

= 𝑥 ∙
1

3
↔

3

5
=

1

3
𝑥you can [pass the  

1

3
 multiplying:] 

3

5
=

1

3
𝑥. This slows down the process. 

It saves ink, it saves time. It makes it easier.’ With this, he shows that he knows 

an arithmetic justification of the ‘pass-to-the-other-side’ rule (c11, KoT) based 

on the multiplicative principle of equality (c12, KoT), that is, on a mathematical 

property (important as an object of teaching) that assists in simplifying and 

solving equations by establishing that multiplying or dividing by the same 

number (other than zero) the two members of an equality results in a new 

sentence that is still an equality, and can be synthesised as: datum 𝑎 ≠ 0 →
(𝑎 × 𝑏 = 𝑎 × 𝑐 ↔ 𝑏 = 𝑐) (Medeiros, 2009) . 

In the second part of the episode, the teacher starts from the argument 

the preservice teacher wrote on the blackboard and deepens the justification of 

the mnemonic ‘pass-to-the-other-side’ rule used (Figure 3). 
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Figure 3 

The second part of the episode of justification of invert-and-multiply to divide 

fractions 

Teacher Can I talk about 

this [student's 

explanation - part 

B]? [On the 

blackboard, she 

writes part A and 

say:] I'm teaching 

equations and I 

don't want them to 

stay in this ‘pass-

to-the-other-side,’ 

‘pass-to-this-

side,’ but let them know why. If here I divided by a third [

3

5
1

3

= 𝑥], 

then I'm going to multiply by a third [on both sides of equality].  

PST Ah, the scale! The scale is perfect! 

Teacher  So, if I have the multiplication of a third and a third... It's the scale! 

So what's left? 
3

5
 and here [

1

3
𝑥]. I always say that the number comes 

first and then the letter. I have to arrange it again. Here I have 5 [in 

the denominator], if here I divide by 5, then I have to multiply by 

5, also, everything I do on one side I do on the other. [...] I'm going 

to eliminate this here, because it is going to turn 1. So, 3 equals... 

here is going to be 5 (1 times 5), because he already knows that 

the numerator should multiply the numerator... There is still a 3 

here [in the denominator]. If there's a 3 here, I'll multiply by 3 [on 

both sides]. It gets longer, but he knows what I am using. So it was 

3 times 3, nine. This one with this one are equal, so I'm going to 

eliminate [
5

3
. 𝑥. 3], 5x. And now, there is a 5 multiplying here, I 

want to eliminate it, I want the value of x. “Ah, teacher, then you'll 

have to divide." You divide it by 5, and I'll balance it on the other 

side by five. So, 5 by 5 is 1. I don't need to write the 1. It's going 

to be x and 9 divided by 5. I can say it is either  
9

5
 or 1.8. Then over 

time they will know they have to balance it mentally.  

Teacher  I am taking longer in this part for them to know, and not stay in 

this business of passing here, passing there etc. I went through this: 

why did the teacher say, ‘pass here’, ‘pass there’? And I was too 

A 

B 
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shy to ask. In sixth grade [7th year], after I found out: it is the 

multiplicative principle. 

Researcher With the multiplicative principle, do you justify passing there? 

Teacher Yeah, it is the reason why it passes. If I do it on one side, I have to 

do it on the other. 

 

From a mathematical point of view, the teacher performed the same 

justification for the reverse-and-multiply as the student (c3, KoT), but more 

rigorously since the mnemonic rule was replaced by the respective conceptual 

foundation, the multiplicative principle property (according to c12, KoT). His 

intention was to explain the resolution of the first-degree equation presented by 

the preservice teacher, but this time justifying the ‘pass-to-the-other-side’ rule 

(according to c11, KoT). Symbolic representations were mobilised for division 

of fractions (

3

5
1

3

 as division indicated between two fractions) (equal to c1, KoT) 

and, additionally, of a rational number (division indicated or decimal, “
9

5
  or 

1.8”) (c13, KoT). From the didactic point of view, its manifestation indicates 

consonance with the student's instructional approach (c6, KMT) based on 

mathematical argumentation to deal with the issue of practice (how to answer 

the student’s question mentioned). 

The teacher deepens the role of multiplication with fractions. At the 

first moment this occurs, she said that the student already knows that numerator 

multiplies numerator’ (2nd speech), demonstrating knowledge of the 

procedural development level expected at that instructional moment (c14, 

KMLS). It also uses this operation as an auxiliary concept to solve the 1st 

degree equation, which, in turn, allows finding the answer to the division of 

fractions. This characterises a deepening of the auxiliary connection mobilised 

by the student (c2, KSM), expanding from two to three interconnected 

mathematical concepts, namely, multiplication of fractions, equation and 

division of fractions, the first two being auxiliaries in solving the latter. 

Reflecting on the whole process, the teacher argues that ‘it gets longer, 

but he [the student] knows what I am using.’ This demonstrates awareness that 

using the property to solve the equation extends the number of steps compared 

to using the mnemonic rule. It is the knowledge of a feature of this justification: 

the process gets longer if we use the multiplicative principle instead of the ‘pass 

to the other side’ (c15, KoT). On the other hand, the last part of the sentence 

(‘[...] but he [the student] knows what I am using’) evidences the mobilisation 
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of didactic knowledge, especially that related to a potential as an instructional 

explanation (c16, KMT): it allows to clearly express to the student what is being 

used, that is, the fundamentals involved including concepts, properties, 

mathematical operations, etc. This is a potential for the teacher, because she 

expresses at this and other moments of the argument that values the students' 

conceptual understanding – ‘that they know why’ (1st speech); ‘for them to 

know and not stay in this business of pass here...’ (3rd speech). With this, she 

intentionally makes the option of teaching in this way (using the multiplicative 

principle), instead of another (using the ‘pass-to-the-other-side’ rule).  

Finally, from the didactic point of view, the teacher implies that the 

teaching of equations and their properties (such as the multiplicative principle) 

occurs in the 7th year of basic education, as is actually provided for in the 

current curriculum parameters (Brasil, 2019). At the end of the Workshop, the 

group is led to discuss how appropriate the constructed instructional 

explanation can be for 6th or 7th-grade students, and the teacher says that it 

depends on the ‘prior knowledge and cognitive development’ of the class. 

Nevertheless, the results are important, considering that it is a content to be 

dealt with throughout elementary school (Kilpatrick et al., 2001; Moreira & 

David, 2005; Lopes, 2008) and show that all the MTSK subdomains were 

mobilised by the subjects involved in the task of responding to the student's 

whys (Table 2). 

Table 2 

Summary of the knowledge that was identified in the episode 

Knowledge of... 
MTSK 

Subdomain 

1. a symbolic representation for division of fractions:  

𝟑

𝟓
𝟏

𝟑

 as 

division indicated between two fractions, using a longer 

underline between dividend and divider 

KoT 

2. a connection between division of fractions and equation: the 

latter assists in solving the operation 
KSM 

3. a justification of the invert-and-multiply algorithm and 

mnemonic rules (cross-multiplication and sandwich rule 

[
𝟑

𝟓
𝟏

𝟑

] =
𝟗

𝟓
) to divide fractions: based on solving an equation 

KoT 

4. the mnemonic rule concerning the resolution of the 1st 

degree equation: ‘pass to the other side’ 
KoT 
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5. a pre-formal numerical proof scheme (underlying 

mathematical argument) 
KPM 

6. an instructional explanation of why invert-and-multiply to 

divide fractions: argument that the result of the division
𝟑

𝟓
÷

𝟏

𝟑
, represented by

𝟑

𝟓
𝟏

𝟑

, corresponds to a value x that satisfies  

𝟑

𝟓
= 𝒙 ∙

𝟏

𝟑
 and implies𝒙 =

𝟑∙𝟑

𝟓∙𝟏
, obtained by applying mnemonic 

rules (pass multiplying or dividing), thus justifying the 

algorithm of cross-multiplication to divide fractions (
𝟑

𝟓
÷

𝟏

𝟑
=

𝟑

𝟓
∙

𝟑

𝟏
) 

KMT 

7. characteristic of the instructional approach (c6): may 

generate doubt about why ‘pass to the other side’ 
KMT 

8. a common error of students when applying the ‘pass to the 

other side’: not using the appropriate inverse operation, for 

example 
𝟑

𝟐
= 𝐱 + 𝟑 ↔ 𝟑 = 𝐱 + 𝟑 − 𝟐 

KFLM 

9. a probable source of error c8: lack of conceptual knowledge 

(including justification of the rule and inverse operations) 
KFLM 

10. an instructional approach to help the student overcome 

error c8: reinforce the details that are the properties and 

inverse operations 

KMT 

11. an arithmetic justification of the ‘pass to the other side’ rule: 

based on the multiplicative principle of equality 
KoT 

12. property multiplicative principle of equality KoT 

13. two (symbolic) representations of a rational number: ‘
𝟗

𝟓
 or 

1.8’ (division indicated or decimal) 

KoT 

14. a procedural development level expected for the 

multiplication of fractions at this instructional moment: 

‘he/she knows that numerator multiplies numerator’ 

KMLS 

15. a feature of c3: the process ‘gets longer’ if we use the 

multiplicative principle instead of the ‘pass to the other 

side.’ 

KoT 

16. a potential of c6 as an instructional explanation: it allows to 

clearly express to the student ‘what’ is being used (concepts, 

properties, and mathematical operations) 

KMT 

 

In summary, the results so far show that among the various possible 

approaches to be used to deal with the practice situation of responding to a 

student why invert-and-multiply to divide fractions - such as material 

manipulation or search for patterns from examples or realistic problems, among 
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others (Guerra & Silva, 2008; Li, 2008; Moriel Junior & Wielewski, 2013; 

Moriel Junior et al., 2019) -, the one constructed by those involved was based 

on mathematical argumentation. This is an instructional explanation based on 

the premise that the result of the division
3

5
÷

1

3
, represented by

3

5
1

3

, corresponds to 

an x value that satisfies 
3

5
= 𝑥 ∙

1

3
 and that after applying rules (by the student) 

or properties (by the teacher) implies 𝑥 =
3∙3

5∙1
 , so that one arrives at the 

systematisation of the invert-and-multiply algorithm (
3

5
÷

1

3
=

3×3

5×1
=

9

5
).  

The explanation has the following characteristics: (i) its construction 

occurred from a mathematical basis (c1, c2, c3, and c4), unveiled didactic layers 

(c7, c8, c9, c10, c14, and c16) and then mathematics layers again (c11, c12, 

c13, and c15); (ii) its structure holds similarities to other justifications, such as 

𝒂

𝒃
÷

𝒄

𝒅
=

𝒂

𝒃
𝒄

𝒅

=
𝒂

𝒃
×

𝒅

𝒄
𝒄

𝒅
×

𝒅

𝒄

=
𝑎

𝑏
×

𝑑

𝑐

1
=

𝑎

𝑏
×

𝑑

𝑐
=

𝑎𝑑

𝑏𝑐
  and as the based on operator 

𝑎

𝑏
÷

𝑐

𝑑
=

𝐾 ⇒ 𝐾 ×
𝑐

𝑑
=

𝑎

𝑏
⇒ (𝐾 ×

𝑐

𝑑
) ×

𝑑

𝑐
=

𝑎

𝑏
×

𝑑

𝑐
⇒ 𝐾 × (

𝑐

𝑑
×

𝑑

𝑐
) =

𝑎

𝑏
× 

𝑑

𝑐
⇒ 𝐾 × 1 =

𝑎

𝑏
× 

𝑑

𝑐
⇒ 𝐾 =

𝑎

𝑏
× 

𝑑

𝑐
⇒ 𝐾 =

𝑎𝑑

𝑏𝑐
  (Li, 2008; Lopes, 2008; Özel, 2013; Moriel 

Junior et al., 2019); (iii) uses a pre-formal numerical test scheme, considered 

more accessible to students and more familiar to teachers than formal 

justifications (Tirosh, 2000; Barbosa, 2011); (iv) requires students to have prior 

knowledge of the 6th year of basic education - multiplication of fractions, 

elementary algebraic thinking, and property of the multiplicative principle of 

equality -, as well as of the 7th year, associated with algebraic language, 

unknown, and equation (Brazil, 2019).  

Given the whole scenario presented, it was possible to reach the 

following three conclusions. 

The first is that the network of specialised knowledge activated jointly 

by a preservice teacher and a teacher from the practice situation (to tell a student 

why he/she should invert-and-multiply in the division of fractions) connects 

elements of all MTSK subdomains, with different roles and levels of 

protagonism.  

In the MTSK cluster connection map (Figure 4) we show how the 

knowledge elements mobilised vary on a scale ranging from greater 

protagonism in action (in black) to greater support to others (light grey). In it, 

there are layers of elements (indicated with equal colours) that interact with 
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each other and support the other layers more causally linked to professional 

performance in the face of the practice situation (tell a student why the division 

of fractions). The layer that plays the greatest leading role in action has three 

central elements – the instructional approach based on mathematical 

argumentation (KMT), the justification of the invert-and-multiply algorithm 

(KoT), and the level of procedural development that the student must have to 

understand it (KMLS) - for which there are other (clearer) layers of support, 

including both didactic and mathematical subdomains.  

These results are in line with the literature in the sense that the 

knowledge of mathematics teaching (KMT) is related to or supported by the 

other five subdomains MTSK, the content (KoT, KPM, and KSM) and the 

didactic domain (KFLM and KMLS), reinforcing the integrated and 

interdependent nature of the specialised knowledge (Aguilar, 2016; Moriel 

Junior & Moral, 2017; Zakaryan & Ribeiro, 2017). 

Figure 4 

Map of connections of specialised knowledge in the situation of answering to 

a student why he/she should invert-and-multiply to divide fractions 
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The second conclusion is that the route of the knowledge manifested 

jointly by a preservice teacher and a teacher in the construction of the answer 

to why the division of fractions started from a basically mathematical layer 

(KoT, KPM, and KSM) towards didactic elements (KMT, KMLS, and KFLM). 

When faced with the practice situation, the subjects first sought to answer it 

from a mathematical point of view. It was secondary and not systematic the 

reflection on how appropriate the instructional explanation could be for the 

interested student audience, considering that it is a content of the 6th year of 

elementary school (Brasil, 2019).  

Therefore, our results explain a greater focus on the production of the 

answer than on its legitimation, unlike other cases in which teachers considered 

“mainly aspects inherent to their students' reading, to assess the possibility of 

this justification establishing or not a productive interaction in the classroom 

environment" (Barbosa, 2011, p. 1).  

On the other hand, it is understandable that the situation was more 

challenging from a mathematical point of view, considering that the literature 

indicates gaps in teaching knowledge about the division of fractions (Bayoud, 

2011; Özel, 2013; Slattery & Fitzmaurice, 2014). Moreover, historically the 

contents of basic education (and its justifications) have lacked a systematic 

approach during initial training, with articulations between theory and practice, 

between school and academic mathematics, productively for teaching demands 

(Santos, 2005; Fürkotter & Morelatti, 2007; Nacarato & Passos, 2007; Moriel 

Junior & Cyrino, 2009; Fiorentini et al., 2016; Crecci et al., 2017). These two 

situations occurred in the previous education of the research subjects, as they 

reported in the Workshop.  

Such indications are reflected in the jointly activated MTSK network 

(Figure 5), whose route begins in the mobilisation of the knowledge of the 

mathematical dimension – representations of the division of fractions (KoT), a 

pre-formal numerical proof scheme (KPM), and a connection between 

equation, multiplication, and division of fractions (KSM) - going towards 

didactics (but with a scarcity of aspects of learning, KFLM and KMLS).  

The network identified culminates in two instructional explanations 

(KMT) based on mathematical argumentation, a ‘shorter’ one (undergraduate 

used the mnemonic rule ‘pass to the other side’) and a ‘longer’ one (the 

teacher's, with the multiplicative principle of equality). 
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Figure 5 

MTSK network activated jointly by subjects from the practice situation 

 

 

The third conclusion is that specialised teacher education plays a 

fundamental role in the construction of the knowledge that allow the 

mathematics teacher to adopt the "best strategies” to deal with situations of 

teaching practice. By mapping the knowledge connections using the MTSK 

cluster and the activated MTSK network, we reinforce in this article the 

complexity and specificity of what a teacher can or should know to teach and 

learn mathematics (Aguilar, 2016; Moriel Junior & Moral, 2017; Zakaryan & 

Ribeiro, 2017). We identified that the level of development (including the gaps) 

of the subjects as to knowledge of justifications of basic mathematics 

algorithms, belonging to the category procedures of the subdomain of the topics 

(KoT) of the mathematical domain (MK) was reflected in the configuration of 

connections and the type of route taken during the construction of the solution 

to the practice problem: an instructional explanation in the form of 

mathematical argumentation.  

If we consider that there are other ways to answer to the students’ 

mathematical why (Guerra & Silva, 2008; Li, 2008; Moriel Junior & 

Wielewski, 2013; Moriel Junior et al., 2019), some more suitable than others 

for some circumstances or school stages, it is plausible to state that each of them 

can generate (or have as a background) other networks and routes of knowledge 

activated. Thus, the teaching action of building didactic solutions and deciding 

between one and the other does not depend on a gift, vocation, or some type of 
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a “notorious expertise” of content, but rather on elements of specialised 

knowledge that allow it to intentionally establish complex and well-grounded 

networks. This requires the formation of (prospective) teachers with adequate 

treatment of the contents of basic education (mathematical domain) integrated 

with a didactic preparation in terms of knowledge about teaching (KMT), 

characteristics (KFLM), and mathematical learning parameters (KMLS) that 

can be used productively in the classroom. For example, covering, in the 

formation, formal elements about good instructional explanations 

(Charalambous et al., 2011), including justifications of procedures with 

productive interaction in the classroom (Barbosa, 2011), promotes an advance 

in specialised teacher professionalisation to answer to the students' whys (and 

other questions), including perspectives that lead the teacher to seek a more 

intelligible instructional approach based on information from the students' 

background, considering types of materials, techniques, activities, examples, 

and level of concreteness/abstraction more appropriate to the student's school 

context or stage. In this case, it seems reasonable to state that the activated 

MTSK network (Figure 4) and the connection map (Figure 5) would have a 

configuration with more emphasis on the didactic subdomains than we 

identified from the mathematical argumentation-based perspective. 

 

FINAL CONSIDERATIONS 

In this article, we characterise specialised knowledge with emphasis on 

how they were mobilised and connected by a preservice teacher and a teacher 

during the elaboration of an answer to the students on why to invert-and-

multiply to divide fractions, during a teacher education workshop. By 

identifying such knowledge and mapping the connections, it was evident that 

the knowledge of mathematics teaching (KMT) was related to or sustained by 

the other five subdomains MTSK, the content (KoT, KPM, and KSM) and the 

didactic domain (KFLM and KMLS), reinforcing the integrated and 

interdependent nature of the specialised teaching knowledge. In summary, we 

were able to advance the understanding that: 

 The network of knowledge activated from the practice situation 

(answer to students the mathematical reason for the division of 

fractions) mobilised and connected elements of all MTSK 

subdomains of specialised knowledge, exercising different roles 

and levels of protagonism, being possibly more linked to action 

itself or to support; 
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 The route of the types of knowledge manifested in the construction 

of the answer to why the division of fractions started from a 

basically mathematical layer (KoT, KPM, and KSM) towards 

didactic elements (KMT, KMLS, and KFLM) reflects strongly the 

level of development (including gaps) that the subjects had 

regarding the knowledge about algorithmic justifications (KoT), 

among other didactic aspects; 

 Specialised teacher education plays a fundamental role in the 

construction of a complex, grounded, and intentional network of 

knowledge that allows the mathematics teacher to adopt the “best 

strategies” to deal with situations of teaching practice (including 

answering to students). 

The results present several elements on the complexity and diversity of 

specialised teaching knowledge, on how they may be related to others (the 

MTSK network activated), on its possible reflections in practice and 

implications for teacher education. Several studies have shown the importance 

of discussing mathematical whys in teacher education, however, our work goes 

ahead by analysing the situation from the point of view of specialised 

knowledge focusing on the connections involved.  

The action of answering a student’s question, a seemingly very simple 

action, requires an elaborate network of professional knowledge in the field of 

education. We found that one can explore and develop all subdomains of 

specialised knowledge of mathematics teachers from the elaboration of answers 

focused on student understanding. Therefore, teacher education plays an 

extremely important role in this process, because the level of development (and 

gaps) of knowledge of the (prospective) teacher is the fine line that separates 

giving answers that foster or not a productive or an unproductive interaction 

with students.  

It seems reasonable that this work may interest teacher educators, 

teachers, and undergraduates who seek tools to reflect on their practice and 

make it more science-based, from the MTSK categories, the elements of 

knowledge found here and their connections on how to answer to the 

mathematical why for the division of fractions. The methodological tools that 

were first published in this article (the MTSK cluster and the activated MTSK 

network) may be of interest to researchers investigating the connection between 

specialised knowledge. 

Our results may have applications in teacher preparation by bringing 

elements from all MTSK subdomains useful to guide a specialised (self-
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)education or (self-)reflection focusing on didactic situations of answering 

students' questions, including the whys. Such elements can be materialised in 

guide questions such as: 1. What knowledge or skills is the student expected to 

have already developed at that level of education (KMLS)? 2. What kind of 

argumentation/proof (KPM) or (counter)examples and justifications do I know 

(KoT)? 3. What resources, materials, metaphors, instructional explanations, 

strategies, and didactic approaches do I know and have available for this 

situation (KMT)? 4. What phenomena and other mathematical elements (such 

as properties, definitions, etc.) do I need to mobilise (KoT) and what 

connections between them are needed (KSM)? 5. What is the level of adequacy 

of all that I know and have available to favour the student learning process 

(KFLM)?  

About the limitation of the work, we understand that it was possible to 

map the connections of knowledge exhaustively, but not exclusively, because 

we are clear that the configuration and routes found here are not the only ones 

possible, being limited to the subjects' data and their knowledge 

available/constructed until that moment in their lives.  

The answers to why mathematics were constructed in that context are 

closer to a “traditional” perspective of teaching and, therefore, further studies 

are necessary to understand the answers from other perspectives. In this sense, 

the researchers are open to the questions: What knowledge and connections are 

needed for teachers to use manipulative materials, games or technology to teach 

division of fractions, their procedures, and their justifications? Would they be 

the same ones found in this article, but connected differently? Would student 

doubt arise about the invert-and-multiply algorithm if students were involved 

in a learning context based on fraction division problems, or mathematical 

modelling, or in the search for patterns from examples, numbers, or shapes? 

What can all this entail for teacher education and improvement of education in 

the country?  

We will continue to seek answers in this sense with investigations on 

sets of teachers’ specialised knowledge (and its connections) needed to teach 

and make learn mathematics contents and also how to build it in initial or 

continuing teacher education based on scientific advances. 
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