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ABSTRACT

Background: Mathematical classroom discourse is fundamental to control
mathematical communication. Initial teacher education should support the prospective
teacher to prepare and lead discussions that favour mathematical discourse. Lesson
study is a professional development process with potential benefits related to
developing the prospective teacher’s knowledge of mathematics teaching. Objectives:
We intend to characterise the mathematical discourse in two research lessons led by
prospective teachers and understand which aspects of their participation in the process
they highlight. Design: We follow a qualitative and interpretative participant-
observation approach. Setting and participants: The study took place in a
Portuguese higher education institution. Two prospective teachers, their supervisor
and cooperating teacher, and the researcher participated voluntarily. Data collection
and analysis: Data collection included participant observation, field notes, audio and
video recordings, document collection, and semi-structured interviews. Data were
transcribed, coded, and analysed according to predefined categories. Results: The
mathematical discourse in the first research lesson was more favourable to
communication than in the second. The prospective teachers’ perceptions about their
participation in lesson study highlighted aspects of the teacher’s role, questioning,
explaining mathematical thinking, and mathematical representations. Conclusions:
We show that detailed prior preparation of the research lesson can strongly benefit the
performance of the prospective teacher. However, this does not guarantee that the
lesson is not strongly centred on the teacher.
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O discurso matematico nas aulas de investigacao de um estudo de aula com duas
futuras professoras

RESUMO

Contexto: O discurso matematico na sala de aula é fundamental a regulagédo
da comunicacdo matematica. A formagéo inicial deve apoiar o futuro professor a
preparar e conduzir discussdes que favorecam o discurso matematico. O estudo de
aula é um processo de desenvolvimento profissional com potenciais beneficios
relativos ao desenvolvimento do conhecimento da prética letiva do futuro professor.
Objetivos: Pretendemos caracterizar o discurso matematico em duas aulas de
investigacdo, conduzidas por futuras professoras, e compreender que aspetos estas
realcam da sua participagdo no processo. Design: Seguimos uma abordagem
qualitativa e interpretativa, de observacdo participante. Ambiente e participantes: O
estudo ocorreu numa instituicdo portuguesa de ensino superior e participaram,
voluntariamente, duas futuras professoras e 0s respetivos professor supervisor e
professora cooperante, e a investigadora. Coleta e andlise de dados: A recolha de
dados incluiu observagdo participante, com recurso a notas de campo, gravagdes em
dudio e video, recolha documental e entrevistas semiestruturadas. Os dados foram
transcritos, codificados e analisados segundo categorias pré-definidas. Resultados: O
discurso matematico da primeira aula de investigacdo foi mais favordvel a
comunicagdo do que na segunda aula. As percecdes das futuras professoras sobre a
participacdo no estudo de aula evidenciaram aspetos relacionados com o papel do
professor, questionamento, explicacdo do pensamento matematico e representacées
matematicas. ConclusGes: Mostramos que a preparacdo prévia detalhada da aula de
investigacdo pode beneficiar fortemente o desempenho do futuro professor. Contudo,
esta ndo é uma garantia de que a aula ndo decorra de uma pratica de ensino
fortemente centrada no professor.

Palavras-Chave: Formagdo inicial de professores; Estudo de aula;
Conhecimento da préatica educativa; Discurso matematico na sala de aula; Perce¢des
dos futuros professores.

INTRODUCTION

The mathematical discourse, which “includes the purposeful exchange
of ideas through classroom discussion, as well as through other forms of
verbal, visual, and written communication” (NCTM, 2014, p. 29), is a crucial
element of the development of students mathematical learning (Hufferd-
Ackles et al., 2014; Murata et al., 2017). Through mathematical discourse,
students can share their thinking, question and be questioned, answering to
each other, ensuring their participation in a math-talk learning community,
situated in the classroom, which supports the mathematical learning of all
who participate in it (Hufferd-Ackles et al., 2014). However, for this to
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happen, students must learn to base their arguments on evidence that can be
explicitly presented to their peers and be able to negotiate and expand them
when confronted with the ideas of others (Hufferd-Ackles et al., 2014;
Moschkovich, 2015). Thus, the teacher must be able to learn to lead
mathematical discussions in the classroom that promote a dialogical discourse
(Ghousseini, 2015).

Several investigations have documented that preparing and leading
whole-class mathematical discussions in the classroom challenges the teacher
(Gomes et al., 2023; Hufferd-Ackles et al., 2014). These discussions tend to
demand more from prospective teachers and from those with little
professional experience (Ghousseini, 2015; Martins et al., 2023; Smith et al.,
2019). Leading classroom discussions requires the teacher to respond
immediately to all students’ mathematical ideas expressed unexpectedly and
be able to relate them to each other, keeping the focus on the goals established
for the lesson (Stein et al., 2008). Leading a discussion benefits from careful
planning, which includes defining lesson goals and choosing mathematical
tasks to address them is a particular aspect of the preparation stage (Smith et
al., 2019). A serious challenge that prospective teachers face (Martins et al.,
2023; Stein et al., 2008; Vieira et al., 2022), is anticipating student responses,
highlighted by several authors as a strategy that supports the teacher in
leading discussions (Dunning, 2023; Gomes et al., 2023; Stein et al., 2008).
Therefore, studying ways to promote the development of knowledge of
prospective teachers is important when preparing and leading whole-class
discussions (Ghousseini, 2015; Saylor & Walton, 2018).

In this article, we analyse the participation of two prospective teachers
in preparing and leading the research lesson, focusing on mathematical
discourse. We aim to answer the following questions: (1) What are the
characteristics of the mathematical discourse in research lessons led by
prospective teachers? (2) What aspects of their participation in the lesson
study related to mathematical discourse do the two prospective teachers
highlight?

CLASSROOM DISCOURSE AND KNOWLEDGE OF
MATHEMATICS TEACHING

Integrating a wide variety of ideas and modes of representation
supports mathematical understanding in the classroom and encourages
students to learn (Fujii, 2018; Murata et al., 2017). Students’ participation in
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classroom discourse allows them to share and consolidate ideas while delving
into different types of representation and language to communicate their
mathematical arguments (Moschkovich, 2015). Hufferd-Ackles et al. (2014)
believe that ensuring that students play an essential role in the construction of
their own knowledge and the knowledge of others involves taking into
account five aspects of classroom discourse: teacher role — the way the
teacher participates and supports student involvement; questioning - who asks
the questions and what type of questions are asked; explaining mathematical
thinking — who gives the explanations in the classroom and what their nature
is; mathematical representations — how language and visual and concrete
resources are used; and building student responsibility in the community — to
what extent students share responsibility for their learning and that of their
peers.

The teacher must consider regulating communication to maintain a
classroom culture favourable to learning (Ponte, 2012). In doing so, the
teacher mobilises his/her knowledge of mathematics teaching to get students
to work productively on the proposed task, organising their productions to
present to their colleagues (Gomes et al.,, 2023). It is the teacher’s
responsibility to regulate the discursive practices generated and the nature of
the discussions held in the classroom, as these strongly determine the
communication dynamics (Moschkovich, 2015; Stein et al., 2008). Stein et al.
(2008), from the perspective of “making discussion facilitation something
manageable for novices, those teachers who are new to this form of teaching”
(p. 321), propose a model consisting of five practices: anticipating likely
student responses, considering the different approaches and challenges that
the student may face in solving them and anticipating teacher questioning;
monitoring students’ responses, closely monitoring their work and asking
questions that allow the teacher to understand their mathematical thinking;
selecting particular students that illustrate key strategies and ideas from the
lesson; sequencing the student responses to benefit the goals of the lesson and
the connections between different students’ responses, making explicit the
links between students’ mathematical thinking and the goals established for
the lesson. Later, Smith et al. (2019) added a practice zero — setting goals and
selecting tasks — as the basis for the remaining five practices.

We, therefore, highlight two essential ideas: first, mathematical
discussions are important in regulating the classroom discourse, and second,
managing them requires the teacher to invest heavily in their preparation and
leading. When preparing, the teacher must consider the time available, the
choice of tasks, and the characteristics of students’ thinking, foreseeing
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participation structures. When leading, the teacher must select strategies that
effectively contribute to productive discussions. Without this selection, some
mathematical ideas may not be highlighted in the discussion or even be
overlooked, compared to others that are less useful for developing the
mathematical classroom discourse (Dunning, 2023).

CHALLENGES FOR THE PROSPECTIVE TEACHER
AND THE LESSON STUDY POTENTIAL

Leading a mathematical classroom discussion requires a deep
understanding of student thinking and strategies for directing discourse
toward immediate learning objectives (Saylor & Walton, 2018). However,
prospective teachers’ knowledge of mathematics teaching is still under
development as they have not yet acquired a significant repertoire of
classroom experiences. Therefore, selecting, sequencing, and connecting
student strategies may prove too demanding and critical for prospective
teachers.

Lesson study, as a professional development process, allows
prospective teachers to be supported in learning how to prepare and lead
teaching practice. This is because the lesson study is based on collaborative
and practice-oriented work, focusing on student learning. This strategy leads
participants to plan and implement a lesson (research lesson) aimed at solving
a previously identified learning problem (Fujii, 2018). Research has produced
evidence that preparing lessons in a collaborative environment, provided by
the participation of prospective teachers in a lesson study, mobilises them to
construct more detailed and well-founded lesson plans (Leavy & Hourigan,
2016; Martins et al., 2023), which allows them to better respond to the
complexity of classrooms (Chen & Zhang, 2019; Norton et al., 2019).

During the planning phase, participants must design the task and
anticipate students’ responses (Fujii, 2018), ensuring that it meets the learning
goals of that lesson. One of the benefits of bringing together a group of
experienced in-service teachers and prospective teachers when preparing a
lesson is that this environment provides a discussion in which every
participant can share and compare their ideas (Chen & Zhang, 2019). On the
one hand, prospective teachers benefit from this experience because, by
listening to the teachers’ experiences, they expand their repertoires of
classroom situations and learning styles (Norton et al., 2019). On the other
hand, for prospective teachers’ enhancement, they must feel free to make
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decisions, take risks, and see their ideas valued in the discussion (Ponte,
2017).

One of the focuses of the lesson study is the research lesson, which
highlights the extent to which lesson planning “is a critical factor in
determining the quality of mathematics teaching” (Fujii, 2018, p. 6). During
the lesson, the teacher must know all the students’ solutions and how the
students usually react to the proposed task. This assumption is fundamental to
the teacher to ensure the quality of the whole-class discussion, selecting and
ordering student presentations in the most convenient order for the lesson
goals (Fujii, 2018). Some research suggests that when the context allows
prospective teachers themselves to lead it, prior preparation supports the
guestioning they ask their students, accessing their difficulties more easily
(Leavy & Hourigan, 2016; Ni Shuilleabhain & Bjuland, 2019) and monitoring
their activity without necessarily reducing the degree of challenge of the task
(Martins et al., 2023).

METHODOLOGY

We follow a qualitative (Bogdan & Biklen, 2007) and interpretative
approach to participant observation based on the understanding and
interpretation of the reality investigated (Erickson, 1986). We counted on the
voluntary participation of two prospective teachers, Beatriz and Diana
(fictitious names), at a Portuguese higher education institution. The lesson
study also involved the teacher educator from the higher education institution,
the cooperating teacher from the school where the prospective teachers were
doing their practicum, and the researcher (first author). We chose these
prospective teachers because they were, at the time, the only ones the teacher
educator and collaborator in this study accompanied that semester.

The lesson study took nine sessions, prepared and led by the
researcher and the teacher educator. These were integrated into the activities
of the Supervised Teaching Practice subject (practicum in a 2nd-grade class,
7/8 years old students). The supervisor selected the mathematical topic,
Sequences and Regularities. The structure of the sessions included four
stages, adapted from the model proposed by Fujii (2018), to which the
dissemination of results was added: (i) Study of mathematical and didactic
questions [S1-2]; (ii) Preparation of research classes [S3-6]; (iii) Leading
research classes and post-class reflection [S5-7]; (iv) Reflection [S8]; (V)
Dissemination [S9]. Beatriz led the first research lesson, and the second was
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led by Diana. The cooperating teacher, the supervisor professor, and the
researcher participated in all sessions, supporting prospective teachers in the
preparation, observation, and reflection on the research lessons.

We collected the data from participant observation, field notes, audio
and video recordings, documents, and semi-structured interviews. We
recorded the sessions on audio and video to complement the written
documents and have a detailed transcription of the events. We collected the
documents related to the plans for the two research lessons, including the
proposed tasks and the students’ written productions. We also collected the
reflections on the research lessons written by the two prospective teachers
[RLx Reflection] and the supervised teaching practice reports they produced
at the end of their initial teacher education course [STP Report]. The
researcher conducted a final semi-structured interview with each prospective
teacher to understand their viewpoints about participating in the lesson study.

The data were transcribed and initially coded by the first author. Five
categories were used, which were proposed by the classroom discourse
analysis model by Hufferd-Ackles et al. (2014): Teachers’ role [TR];
Questioning [Q]; Explaining mathematical thinking [EMT]; Mathematical
representations [MR]; It is Building student responsibility within the
community [BSRC]. When presenting the results, the sessions were identified
as [Sx] and the research lessons as [RL1] and [RL2]. The quality of data
analysis was ensured by several conversations between the two authors, who
systematically debated the results and data coding. This study guaranteed
participants’ and institutions’ anonymity and confidentiality, and participation
was voluntary and informed.

RESULTS
Lesson preparation

Discussing ideas regarding communication in the classroom took a
significant part of the sessions. However, S3, which was aimed at building
tasks for RL1, was especially productive:

Teacher educator: Don’t I have to think about anything else
when planning and preparing the task?

Beatriz: In the way I present the task... Whether I distribute it
and tell them to read it; whether they read together, whether |
explain and they do it? Whether | walk around, whether |
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don’t walk around. Whether I know which children have the
most difficulty interpreting the task, whether | do more
individualised work or not, the type of questioning. What do |
need to give them, without giving them everything [TR] [Q]?

Diana: Whether we can ask them questions to get answers or
we can’t say anything. And let them interpret and do it

[TRI[Q]. [S3]

Starting from statements proposed by the prospective teachers and
keeping in mind the different contributions of the remaining participants, we
constructed the first draft of two tasks. The participants solved and shared
their solution strategies, giving rise to a moment of comparing answers. The
refinement of the statement took place simultaneously with the anticipation of
answers and likely teacher-to-student questioning [Q], considering the
adequacy of mathematical representations for each context [MR]:

Researcher: What types of answers would you expect from
students here?

Beatriz: “What does this mean?” and we would have to say
“the number of the line where it appears” [Q].

Teacher educator: At their production level, it would be “they
are in the positions I have, if we count by 3, starting from 3.
But they would most likely not put “from 3. [S3]

In preparing Task 1 of RL1, the adequacy of manipulative material
resources was discussed to provide a limited number of shapes. In this way,
the materials supported students in the construction but did not allow them to
represent all the 15 terms requested in the question [MR]:

Diana: First, large group work with manipulative materials
would be better [TR].

Teacher educator: Being careful not to have 100 [shapes].
Maybe not even 15.

Diana: Yes, having 10.
Beatriz: 5 triangles and 5 squares. [S3]

The prospective teachers showed that they knew classroom
communication theories, as we see in Diana’s intervention. However, the need
for both to see them illustrated with practical examples became evident
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throughout the session. The teacher educator used this idea to extend it to the
preparation of the whole-class discussion, and Diana added to the idea,
highlighting the importance of monitoring students’ autonomous work:

Diana: In the last class, in Didactics, we said that... if we
want someone to communicate the result, for example, we ask
a child who does not have a solution identical to the one |
initially asked for, even because we can contrast and debate
of ideas ... [EMT] This part of communication is very
important [BSRC].

Teacher educator: When Beatriz asked those questions, how
do I present the task? What is my role in monitoring student
work? Which productions will | select to discuss? Will |
involve all students, or will I only involve some students? Who
do | choose first, who one do | choose later? These are all
aspects to think about when | am preparing the discussion.

Diana: This also depends on the teacher’s attitude [TR]. If
you don’t go through the room and understand the dynamics
of each child’s solution [EMT], you won’t be able to play this
role of mediator, of questioning and knowing what to question
[TR]. [S3]

Later, Diana sought to discuss good practices regarding monitoring
students’ autonomous work and the most productive way to organise this
moment of the lesson:

Diana: | imagine putting it into practice; if a child told us they
didn’t understand the question, how can we help [TR]? What
questions can we ask so that they can get there?... I'm
referring to this one here at [term of order] 100 [Q].

Teacher educator: Here, I can ask questions: “In what
position are the triangles, in what order?”, “And the
squares?”’; “Does this help us discover some that are on
orders further down the line? ” [S3]

After S3, the prospective teachers were responsible for mobilising the
ideas discussed in the sessions to construct the RL1 plan, privileging the
structure of the exploratory lesson: task presentation, students’ autonomous
work, whole-class discussion, and summing up, and systematising the ideas
mobilised in the first three sessions: anticipating student responses (strategies

241 Acta Sci. (Canoas), 26(1), 233-265, Jan./Feb. 2024



and mathematical representations and possible difficulties); strategic teacher
actions (including questioning); actions related to leading the discussion and
summing up; dynamics of participation and time management.

Mathematical discourse in RL1

Beatriz presented the task (Figure 1) by giving students a set of
squares and triangles in cardboard and reproducing the sequence on the board
[MR]. She dominated the conversation at the front of the room [TR], leaving
no room for students to ask questions [Q].

Figure 1
Task 1(translated from original). [RL1]

IAIAIA

What will be the next shape?
b) Which group of elements is repeated?
¢) What will the 12th element be?
d) Isthe 15th element a triangle or a square? Why?
e) What will the 100th element be? Why?

During the autonomous work, Beatriz asked an exploratory question
“Miguel, how would we keep repeating if we had a very large sheet?” [Q].
His partner answered and tried to exchange ideas with nearby classmates,
sparking students’ conversation. The prospective teacher guided this exchange
of ideas only on the periphery [TR]. Diogo’s motivation to explain his
conjecture to his colleagues and his colleagues’ motivation to discuss it with
him highlights the students’ high responsibility in the discursive community
[BSRC].

During the solution of question d), as anticipated, a group of students
found it difficult to find term 15, as they needed the necessary pictures to
construct the first 15 terms. Beatriz encouraged the group to resort to other
representation strategies [MR]:

Gaspar: We all got confused. We have one square less.
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Leonor: It didn’t work out well for us. We don’t have 15
pieces.

Beatriz: You only have 13 pictures here, and they ask you for
the 15th. You have to come up with a strategy.

Gaspar: We have a square and a triangle, then a square and a
triangle.

[Gaspar concluded, counting with his fingers.]

Beatriz [addressing Leonor, who seemed not to understand]:
You don’t have to use the pieces; you can draw. [RL1]

The students constructed several mathematical representations and

used them to justify their generalisation strategies; however, they showed a
low commitment to writing their conclusions. As foreseen in the plan, the
prospective teacher took notes regarding students’ solutions to organise the
whole-class discussion.

Beatriz began the discussion by requesting the collaboration of some

students, taking as a starting point the solutions that she selected and ordered
[EMT]. To discuss Task 2 (Figure 2), she asked Gustavo to collaborate.

Figure 2

Task 2 (translated from original). [RL1]
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a) Complete the missing terms in the sequence.
b) Which group of elements is repeated?

¢) What will the 13th element be?

d) In what positions do the circles appear?

e) In 19 elements, how many squares are there?
f) What will the 30th element be?

Beatriz: Some doubts arose, and | prefer to discuss them with
you... so that we can all understand through each other’s
strategies. Gustavo, what did you do?

Gustavo: | drew it.
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[Gustavo addresses the painting and completes the sequence
previously constructed by Beatriz.]

Beatriz: So, what did you understand from the pictures to
draw what you did?

Gustavo: | saw that it is square, square, circle.

Beatriz: Did you understand what Gustavo said? He realized
that the sequence is...

Several students: Square, square, circle. [RL1]

In the following questions, Beatriz requested several students to
collaborate, organising the discussion in an increasing sense of formalism in
the strategies used. She started by calling a student who used active
representation to support the counting. She asked several exploratory
guestions, favouring communication between students [Q] and discussing
with them the disadvantages of the mathematical representation used [MR]:

Beatriz: Ismael, what will be the 13th element?
Ismael: It’s a square.

Beatriz: Why? How did you do it?

Ismael: | counted.

Beatriz: Come here and explain.

[Ismael uses his fingers to count, matching each finger to a
picture until he reaches the 13th term.]

Beatriz: This strategy works, but you can be mistaken. We
only have ten fingers [smiles]. Ismael and Goncalo used their
fingers. They counted squares... and discovered that the 13th.

Ismael: It’s a square.

[Beatriz imitates the gestures used by Ismael, highlighting his
strategy.] [RL1]

During the students’ autonomous work, Beatriz became aware of
Diogo’s representation strategies. He created a drawing to describe his
mathematical thinking [MR] (Figure 3).
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Figure 3
Diogo’s solution. [RL1]

This appropriation allowed him to request student participation in the
whole-class discussion. He completed the representation on the board,
allowing his classmates to follow his thinking. In this way, the student
favoured classroom discourse regarding mathematical representations [MR].
Realising that some students were not following the discussion, Beatriz
reinforced Diogo’s reasoning [EMT], calling on the rest of the students to
actively participate [BSRC]. The discussion continued with the sharing of
strategies used by other students, prompted by the prospective teacher’s

question [Q]:

Beatriz: Question d), this also raised some doubts, didn't it,
Gaspar and Leonor? After building the sequence, how did
you discover the positions in which the circles appeared?

Gaspar: In 3.
Beatriz: In the third. And the second circle?
Gaspar and Leonor: Sixth.

Beatriz: And the third circle, in which position does it appear,
Maria?

Maria: Ninth.

Beatriz: And the fourth circle?

Several students together: Twelfth.
Beatriz: Very good. What does this mean?

Leonor: You can do it by threes. Every three.
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Beatriz: Yes, Leonor discovered that the circles appeared
every three positions. So, the first appears in position three
and the second in position six. [Beatriz points out, on the
board (Figure 4), orders three and six.] [RL1]

Figure 4:
The board during whole-class discussion. [RL1]
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Lucas actively listened to the answers and sought to contribute with
his strategy, which was similar to Task 1, using the concept of parity [BSRC].
Beatriz let the student share his solution with the other students (Figure 5) and
discussed it, proposing some corrections.

Figure 5
Lucas’s solution. [RL1]
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Beatriz: But before you say that the circles appear in odd or
even positions, you have to say where it starts.

Diogo: From 3.
Lucas: Ah, every 3, odd, even, odd, even, starting from 3.

Beatriz: Your reasoning complements each other.
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[Leonor interrupts Beatriz]

Leonor: | wrote it another way.
Beatriz: In what way?

Leonor: “The circles appear every 3.

Beatriz: But that’s not entirely correct, as in Diogo’s solution.
They appear every 3 but starting where?

Leonor: From 3.

Beatriz: Did you understand, Leonor? Did you realise that it
is important to say every 3, starting from 3?... Did everyone
understand? [RL1]

Beatriz highlighted the students’ thoughts, and they offered to show
them [EMT]. By actively listening to other students, they contributed to
giving meaning to the discussed solution, creating responsibility for the
classroom culture [BSRC]. Beatriz’s insistence that students identify the order
of the first circle in the sequence was one of the aspects considered in the
lesson plan (Figure 6).

Figure 6
Excerpt from plan (translated from original). [RL1]

If it is identified that the circles appear every 3, the teacher can ask the following
questions:

- It is by 3s, starting from where?

- In what positions? In what position the 1st circle is? And the 3rd? And the 6th?

This question is important to help students solve question f).

In the discussion of question e), several students expressed interest in
responding. However, Beatriz asked the student Gongalo since, during
independent work, he used the strategy of representation and counting. When
reproducing the sequence on the board, Gongalo, by mistake, drew the wrong
number of pictures, a situation that he would later correct. To support the
counting, Beatriz asked exploratory questions to lead to a mathematical
representation (Figure 7) containing the caption of the drawing [MR]:

Beatriz: Did you draw the pictures until you reached the 19th
one?
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Gongalo: Yes.
Beatriz: What can you do there to help you?
Gongcalo: The numbers.

Beatriz: Circle the squares so you don’t get lost. [RL1]

Figure 7
Gongalo’s participation in the whole-class discussion. [RL1]

SO Dol bat o ton s

To answer question f), Beatriz used the answer to the previous
question to justify that, for distant orders, representation and counting might
not be efficient [MR]. Thus, she questioned other solution methods,
increasingly more formal, that led to the idea of generalisation, using
multiples of 3, requesting Francisco’s participation:

Beatriz: Did anyone do it differently?
Francisco: | can do it without anything.
Beatriz: Come here, Francisco.

[Francisco gets up and states the sequence of multiples from 3
to 30 while Beatriz writes the sequence on the board.] [RL1]

The lesson ended with Beatriz validating Francisco [TR]’s solution:

Beatriz: [Francisco] counted by threes mentally and
discovered that the 30™ picture was a circle because he knew,
from the other question, that circles appeared every three
positions. Very well. Good job. I am very happy. Now let’s
tidy up. [RL1]
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Beatriz’s perceptions about leading the lesson

In her written reflection on RL1, Beatriz reflected on the
mathematical representations, focusing on the learning opportunity provided
to students through the appropriate use of resources: “The amount [of
resources I distributed]... was intentional... did not allow them to discover
another next term, which required students to resort to different strategies
such as pictorial representation” [Beatriz, Reflection RL1].

Beatriz mentioned two essential purposes regarding her attention to
students’ autonomous work: (1) monitor students” work: “it was up to me to
help them with their questions without giving them the answer” and (2) select
and sequence students’ solutions: “l had the opportunity to move around the
room, observe, and absorb everything that the pairs were doing and select the
productions that revealed different solution strategies to enrich the discussion
and synthesis of the task” [Beatriz, Reflection RL1].

In her STP report, Beatriz used an episode from her participation in
the lesson study to highlight how vital questioning is in student learning:

The teacher’s questioning... when reflected and considered,
can result in moments of pedagogical dialogue between
student(s) and teacher or even between student(s) themselves,
where ideas, conceptions and reasoning are explored,
allowing them to take ownership of interventions from each
other. Most students identified that the circles appeared every
three. However, students needed to understand that, in fact,
the circles appeared every three positions, but from where to
start? In the third position. [Beatriz, STP Report]

Regarding the whole-class discussion, Beatriz highlighted the benefits
of sharing ideas and how it encouraged students to explain their mathematical
thinking, also exposing her perspective on the teacher’s role:

Beatriz: The moment of discussion was so rich, [the students]
understood and appropriated each other’s reasoning and they
transformed the discussion into something that I really like: a
dialogue. A pedagogical back-and-forth between me and them
and between student and student. I actually like it when I'm in
a classroom and they try to explain it to each other because
they take ownership of each other’s reasoning. I just guided
them. [S8]
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Regarding the opportunity that discussion generates with
mathematical representations, Beatriz stated: “In some cases, it was only
during the discussion that it was possible to access representations and oral
statements, which illustrated and documented the reasoning carried out
[Beatriz, STP Report]. This realisation made her reflect on the teacher’s role
in student’s motivation to justify their students’ thinking: “Some students
could not justify their reasoning on the answer sheets... which leads me to
reflect on my action... in encouraging students to implement, on paper, their
ideas, their reasoning, and demonstrate what they did. [Beatriz, Reflection
RL1]

Regarding the preparation sessions, Beatriz mentioned how valuable
it is to anticipate diversified strategies when preparing to lead the lesson:

Beatriz: Anticipating strategies, foreseeing different forms of
solution and, given these forms of solution and strategies,
predicting my performance not only gave me confidence but
also gave me another appropriation of the content... a student
gives an answer that I am not expecting, and as an
inexperienced teacher, | tend not to block; in my head, | start
to reason faster because it was something I anticipated. [S8]

Constructing the lesson plan is also another aspect that Beatriz
focuses on: “Planning helped a lot... it is a good basis for us to focus on what
we want or don’t want and the learning we want students to develop” [S8].
However, Beatriz refers to the difficulty in creating such detailed lesson plans:
“The level of description we did is not something we often do, due to time
constraints... shortly, it is not feasible, however, if you do it, it is good”. [S8]

Mathematical Discourse in RL2

Diana built the sequence on the board (Figure 8), using cardboard
pictures and asking exploratory questions to encourage students to
communicate [Q]. He organised the students so that they were involved in
solving the task, encouraging them to share their mathematical ideas [TR].

Diana: What do you notice in these three pictures?
Gongalo: Squares of various colours.

Lucas: In one, there is an orange square and two blue
squares, and [in another], there are four blue squares and
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one orange. It’s... [Diana interrupts so that the student does
not guess.]

Diogo: Oh, I know...
Lucas: | do, too.
Gaspar: It’s ascending. [RL2]

Figure 8
Task (translated from original). [RL2]

Picture 1 Picture 2 Picture 3

o

a) Represent the next picture in the sequence.

b) How many blue squares will Picture 6 have? And how many orange squares? How
many squares will Picture 6 have in total?

¢) Can you find out how many blue and orange squares Picture 15 will have? Explain
your reasoning.

e) Explain how we can know the number of blue and orange squares needed to construct
any picture in the sequence.

Several groups requested Diana’s support a few minutes after starting
autonomous work, which proved challenging. She walked around the different
groups, guiding students through questions or suggesting the use of other
representations that would support them. In her approach, she tended to resort
to a question that proposed an alternative to the students’ strategy, not
ensuring that they went on with their mathematical thinking. For example,
Gaspar and Leonor chose to represent terms of order 15 (Figures 9 and 10),
and Diana advised them not to represent terms of such distant orders. The
students did not accept this suggestion and did not explore other strategies
[EMT]. When Diana walked away, Gaspar insisted on his strategy, reaching a
solution he shared with Leonor, using his colleague’s representation to
support his explanation:
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Diana: [ think that’s a really big picture. Let’s think of
another way, how could we do it?

Gaspar: 10 + 5.

Diana: 10 + 5? Think about it.
Gaspar: By twos.

Diana: So, think by twos...

Gaspar: By fives. [Gaspar uses his fingers to count.] 5, 10, 15.
[RL2]

Figures 9 (left) and 10 (right)
Gaspar and Leonor during autonomous work. [RL2]

During autonomous work, the students constructed diversified
mathematical representations and used them to justify their generalisation
strategies. However, there was a noticeable lag in the students’ performance
in solving the task. Diana struggled to support all the requests, and students’
independent work continued with the lesson plan. As a result, Diana had
difficulty selecting and sequencing students’ answers.

Diana requested the students’ participation to lead the whole-class
discussion, starting with Leonor’s participation. Despite accompanying the
student’s group, she seemed unfamiliar with her mathematical thinking, or the
mathematical representations used. Leonor used the sequence initially
constructed on the board. However, she showed to struggle to explain her
thinking and did not have the opportunity to share with her colleagues the
mathematical representation (Figure 11) that she had created independently
[MR].
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Figure 11

Leonor’s written production. [RL2]

T

The following dialogue shows that Leonor is only considered an
“arm”. The remaining students actively followed the discussion, disagreeing
with some of their classmate’s answers [BSRC] and actively participating,
completing each other’s reasoning [EMT]:

Diana: You drew and discovered how many blue squares
there were?

[Leonor uses the sequence in the picture to answer the
question]

Leonor: Four.

[Several students disagree, and Leonor tries to correct it.]
Leonor: There were six.

Several students: Six?

Diana: In total, how many squares do you have?

Leonor: In total, 13.

Diana: And the blue ones?

Leonor: Of the blue ones, six.

Diana: Count them.

[Leonor counts, pointing to each of the squares, answering
Six.]

Diana: And on the other side?

[Leonor counts again]
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Leonor: 12.
Afonso: And with the orange one, there are 13.
Diana: There are 13 squares, aren’t they? [RL2]

Francisco sought to participate, presenting a solution process that
used the double (Figure 12), which, from his perspective, facilitated the
solution [BSRC]. Even though Francisco’s intervention had been
spontaneous, Diana agreed:

Figure 12

Francisco’s written production. [RL2]

AR AVAV

Francisco: There is an easier way.

Diana: Is there an easier way? Come here and show us.
Francisco: So, if we add 6 and 6, we get 12.

Diana: How did you do it?

Francisco: | added 6 and 6.

Diana: And then, did you add one more? Was it 13? OK,
thank you. Has anyone else done it differently? Lucas? Come
here and explain how you did it. [RL2]

Francisco’s intervention was very brief, and Diana completed the
student’s reasoning without asking for his collaboration or asking him to share
his representation [MR]. Neither did she use his mathematical thinking to
expand the discussion to other students in the class [EMT], opting to ask
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another student to collaborate. The recursive generalisation strategy Lucas
presented, although correct, proved to be less effective than Francisco’s:

Lucas: We did it from the 4™ picture, we counted, and it came
to 9. From 1 to 2, two changed; from 2 to 3, two squares
changed... It was 13: 9 plus 2, 11 and 11 plus 2, 13.

Diana: Ok. [RL2]

Once again, Diana did not explore the mathematical thinking of the
student [EMT], asking for Gaspar’s collaboration, who also presented a
recursive strategy with an integer object for terms whose order was a multiple
of 5. Gaspar relied on the representation previously constructed by Diana in
the painting to justify his reasoning (Figure 13):

Gaspar: Plus 5, plus 5, 3 times 5, in a straight line like this...
[Gestures to suggest extension.] [RL2]

Figure 13
Gaspar, during whole-class discussion. [RL2]

Diana tried to question Gaspar, but Diogo intervened to present his
solution, in which he used a global strategy. Gaspar’s reasoning ended up not
being analysed, and the whole-class discussion ended with interventions from
Diogo and Francisco:

Diana: But there is still another way of thinking; say it,
Diogo.

Diogo: I thought, 15 + 15 = 30.
Diana: Then, tell us what you thought.

[Diogo hesitates, saying he resolved it together with
Francisco.]
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Diana: Francisco, help your mate.
Francisco: We did 15 + 15.
Diana: But why is it 15 and not 20?

Francisco: Because it’s the picture, each side must be the
same. 15 +15=230

Diana: And what is this regarding the squares?

Francisco: Blue. Then, we added another one from orange,
and it made 31. [RL2]

Diana sought to systematise the solution strategy that considered
twice as many blue squares in relation to the order of the picture, using
addition. To do this, she organised the data by completing a table she had
previously constructed on cardboard. This moment of synthesis happened 2
minutes before the lesson ended. Diana asked for oral collaboration from two
students who had already presented their solutions.

Although the students constructed diverse  mathematical
representations during independent work, the prospective teacher did not
highlight these during the whole-class discussion [MR]. On the board, from
the beginning to the end of the discussion, there was only the representation
initially constructed by Diana, which supported the students to justify their
generalisation strategies.

Diana’s perceptions about leading the lesson

Diana’s perceptions highlight her challenges regarding her feacher’s
role when leading the class. This highlights the monitoring of students’ work,
which would condition the management of the whole-class discussion:

Diana: In my class, | felt a bit unmotivated... some children
understood very well, but some didn’t. As much as I gave
feedback, I couldn’t give everyone the time they needed... |
like that the children come with me, walking towards the same
goal, and following me. | need to feel like the whole-class
understands, or we have to step back at some point... a group
of students couldn’t move forward. I don’t know if it was a
problem of interpretation or if I didn’t ask the right
questions... indeed, there were others, and this emerged in the
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whole-class discussion... many of them couldn’t understand,
so | questioned my role. [S8]

Diana added that the questioning was critical, highlighting her lack of
professional experience leading it: “[1 had] difficulty knowing what questions
| could ask to move them forward... | think this happens because we have
little experience. A more experienced teacher would know, and it wouldn’t
need to be in the lesson plan” [S8]. Another aspect highlighted was the
management of available lesson time, which valued the resource she had
prepared to systematise the solution strategy she intended to present at that
time [mathematical representation]: I think I should have given more time to
the discussion when | used the table. The table was fundamental, but | should
have had more time to discuss it” [S8]. Regarding what would change in the
lesson preparation phase, the prospective teacher points out the growth
sequence used in the task:

Diana: The plan was well made. | felt it was a very
comfortable basis for putting it into practice. It was very
clear... | think it would completely change our sequence
because | immediately realised they faced problems. | felt
very lost... but I was very confident when I went to class. |
thought the group would enjoy the task. [S8]

Diana highlighted, as positive aspects of her participation in the
lesson study, the work of preparing lessons in a collaborative environment: “I
highlight the way we planned, as well as the dialogue and participation of all
teachers in the discussions and carrying out the tasks” [Diana, STP Report].
Regarding anticipating students’ answers: “The meetings we had helped me a
lot to gain an understanding... of children’s possible difficulties, of solutions,
of the children themselves” [Diana, Final Interview]. Despite the advantages,
she points out the time limitation to continue the construction of detailed
lesson plans: “The level of detail of the tasks planned for the study is not
viable in a teacher’s day-to-day life, as this is an exercise that they do on their
own and it takes much time” [Diana, Final Interview].

DISCUSSION
Preparation and leading of research lessons

The two research lessons analysed here culminate a preparation
process where various aspects related to regulating communication in the
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classroom were considered (Ponte, 2012). Beatriz and Diana had similar
opportunities and identical involvement and participation. Both showed
theoretical knowledge and predisposition to address communication issues.
The preparation sessions resulted in two plans with detailed instructions for
leading research lessons, the product of a discussion that combined theoretical
knowledge with practical examples aimed at the students in the class, and
where the teacher educator and the cooperating teacher actively intervened.
The lesson plans privileged the viewpoint of a teacher who encourages
students to engage in conversation, leading them to challenge each other. The
plans anticipated students’ responses aimed at various perspectives of
mathematical thinking to support prospective teachers in monitoring, selecting
and sequencing the answers. The discussion about mathematical
representations included the use of manipulative materials. However, the
analysis of the two lessons highlights two discursive practices in the
classroom with notable differences.

During RL1, Beatriz called on students to present their thinking and
encouraged them to share their mathematical ideas. She used exploratory
questioning that favoured communication between them. She encouraged
students to use manipulative materials and discussed possibilities for using
more effective mathematical representations, encouraging mathematical
drawing. The way she selected and sequenced students’ participation allowed
her to connect students’ mathematical thinking and guide it towards the
planned focus of the lesson. The students shared the mathematical
representations they constructed to support the explanation of their
mathematical thinking. In several situations, individual responsibility in
constructing classroom discourse was put in evidence, as students remained
participatory, actively listening to each other to make meaningful
contributions. In short, RL1 tended to develop in an environment in which the
prospective teacher gave students space to share their mathematical thinking,
and they assumed an important role in the discourse community, proving to be
a way they could use to share and consolidate ideas and to meet different
mathematical representations (Moschkovich, 2015).

In RL2, during autonomous work, the students made several requests
to which Diana struggled to respond. Despite closely following all the groups,
the prospective teacher used questioning directed toward correction, using her
solution perspective, and ignoring students’ mathematical thinking. This
action may stem from her difficulty following some explanations of students’
mathematical thinking, even if she accompanied them during their
independent work. The sequence of answers presented in the whole-class

Acta Sci. (Canoas), 26(1), 233-265, Jan./Feb. 2024 258



discussion did not follow a progressive order of sophistication, not favouring
a relationship between students’ mathematical ideas and lesson goals.
Although the students had constructed drawings, during their independent
work, all participants used Diana’s mathematical representation previously
constructed on the board to justify their solutions. Therefore, the students did
not have the opportunity to share their own representations with their
classmates. The lesson summing-up was also carried out with the table created
by the prospective teacher, who asked for students’ contributions in filling it
out. In other words, in RL2, the mathematical discourse was centred on the
teacher to the extent that, even though the students shared their ideas, they had
few opportunities to argue about them or base themselves on mathematical
representations they had built.

In RL1, Beatriz easily completed the five steps suggested by Stein et
al. (2008), while in RL2, Diana found it challenging to select, sequence, and
connect students’ ideas. This limitation affected Diana’s performance in
leading the whole-class discussion and her ability to highlight students’
mathematical ideas in her classroom discourse. These results support the
argument that the nature of discussions facilitated in the classroom strongly
determines communication dynamics (Dunning, 2023; Moschkovich, 2015;
Stein et al., 2008).

Aspects the prospective teachers highlighted about classroom
discourse

Beatriz underscored the mathematical representations as a relevant
aspect of student learning to be considered in their teaching practice. She
emphasised oral communication when she mentioned that only in the whole-
class discussion she could access students’ reasoning, which aligns with the
standpoint that the whole-class discussion is a privileged moment for the
teacher to access students’ mathematical thinking (Fujii, 2018). She also
highlighted the relevance of mutual questioning, which is fundamental to
students’ sharing ideas and appropriating reasoning. The prospective teacher
also highlighted the importance of the teacher’s role in explaining students’
mathematical thinking: “On their own initiative, they transformed the
discussion into something that I really like, a dialogue... I just guided them”
[s8].

According to Beatriz, a decisive factor in leading the whole-class
discussion was monitoring, selecting, and sequencing students’ solutions,
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which she put into practice during her independent work, which she believes
allowed her to enrich the whole-class discussion. This note illustrates the
argument of Stein et al. (2008) that anticipating, monitoring, selecting, and
sequencing are practices that support the leading of whole-class discussion.

The perspective highlighted by Diana presents the teacher’s role
centred on oneself: “I like the children to come with me, that we all walk
towards the same goal and that they follow me” [S8]. Her perception of the
mathematical representations is consistent with this way of understanding
classroom discourse. She cited the table she used in the final recap as an
important resource, regretting not having had time to explore it in greater
depth with the students. However, she never mentioned the importance of
exploring the representations the students created. Regarding students’
explanation of mathematical thinking, she highlighted monitoring as an
opportunity to learn about their strategies despite admitting difficulty in
monitoring students’ independent work. She also added how difficult it was
for her to lead questioning to support them in finding a solution. From her
perspective, this fact demotivated her and made her role in leading the whole-
class discussion difficult. In other words, as in other studies (Ghousseini,
2015; Martins et al., 2023), leading the whole-class discussion was very
challenging for Diana. The prospective teacher pointed out two reasons to
justify the constraints she encountered when leading RL2: the growth
sequence, which served as the basis for the task, and the lack of experience in
managing the questioning. She added, “A more experienced teacher would
know, and it didn’t need to be in the lesson plan” [S8]. Note that this
statement differs from others in which Diana highlights the importance the
lesson plan created for RL2 had for her as support for leading the class.

The prospective teachers highlighted aspects in line with other
research as the main benefits of their participation in the lesson study: the
anticipation of students’ answers, which allowed them to delve deeper into
content and the prior identification of their difficulties, enabling them a more
immediate answer (Martins et al., 2023; Vieira et al., 2022); the supported
construction of a lesson plan with instructions that direct the teacher’s action
towards the lesson goals and the students’ difficulties (Leavy & Hourigan,
2016; Ni Shuilleabhain & Bjuland, 2019) and the collaborative nature of the
work carried out in the lesson study, where they could compare their ideas
with the ideas of more experienced teachers (Chen & Zhang, 2019; Norton et
al., 2019; Ponte, 2017). The only limitation mentioned was the low
expectation regarding this level of detail in future lesson plans.
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CONCLUSION

The results lead us to conclude that the mathematical discourse
generated in the first research lesson benefited student-teacher and student-
student communication when compared to the second lesson. Beatriz had the
opportunity to select and sequence the students’ work, while Diana could not
complete this step foreseen in the lesson plan. Regarding prospective
teachers’ perceptions, it was possible to verify two distinct positions regarding
classroom discourse. Beatriz perceived herself as a teacher who highlights the
students” mathematical thinking, thus seeking students to learn from sharing
and questioning each other. Diana’s perspective aligns with the self-centred
teacher’s, despite being receptive to the importance of questioning students to
support them. The prospective teachers’ perceptions of mathematical
discourse revealed aspects of the teacher’s role, questioning, explaining
mathematical thinking, and mathematical representations. The prospective
teachers also indicated that the main benefits of their participation in the
lesson study were anticipating students’ responses and having support to
construct a lesson plan.

These results make us question the argument presented by several
authors: that classroom discourse benefits from meticulous planning of
mathematical discussions. In fact, in the first research lesson, like the studies
by Leavy and Hourigan (2016) and Ni Shuilleabhain and Bjuland (2019),
prior preparation clearly supported Beatriz in leading the lesson. However, in
Diana’s lesson, this was not evident, even more so if we consider that the
investment made in preparing the second research lesson was identical to the
first lesson. Thus, although detailed planning can benefit prospective teachers’
leading of whole-class discussions, the results suggest that we must consider
other aspects related to their profile and prior preparation.

This research shows the benefits of integrating lesson studies into
initial teacher education (Ponte, 2017) and adds new data regarding its
usefulness in studying mathematical classroom discourse. This process
allowed prospective teachers to be supported in preparing their teaching
practice, of which we highlight the anticipation of students’ mathematical
thinking and the construction of lesson plans. Regarding lesson leading, we
highlight how lesson study practices are close to the practices that support
mathematical classroom discourse, making this formative process an
appropriate means to study the challenges prospective teachers face in leading
communication in class.
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